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1. Introduction 
Assume t h a t  t h e r e  a r e  two random v a r i a b l e s  z and  T a n d  both margina l  d is t r i -  
but ion of T and condit ional  d is t r ibut ion  of T given z are known. What c a n  one  s a y  
about  t h e  d is t r ibut ion  densi ty of z ?  
The vers ion  of t h i s  problem i s  known in econometr ics  and  demography:  T i s  in- 
t e r p r e t e d  as a random dura t ion  o r  d e a t h  time, z i s  t h e  l a t en t  (he ierogenei ty)  var i -  
a b l e  which c h a r a c t e r i z e s  t h e  individual 's d i f f e rences  in suscept ib i l i ty  t o  t r ans i -  
t ions  o r  d e a t h  [1,2,3]. 
Denotc by f ( z ) ,  U ( t )  t h e  probabi l i ty  densi ty funct ions of random v a r i a b l e s  z 
and  T r e spec t ive ly  a n d  by k ( t  ] z )  t h e  condit ional  d is t r ibut ion  dens i ty  funct ion of T 
given z . W e  assume t h a t  a l l  t h e s e  dens i t ies  ex i s t .  
I t  i s  e a s y  t o  see t h a t  funct ions  U ( t ) ,  k ( t  ( z )  and  f ( 2 )  are r e l a t e d  as follows 
Formula (1) i s  t h e  f i r s t  kind i n t e g r a l  Fredholm equation with r e s p e c t  t o  funct ion 
f ( z )  with k e r n e l  funct ion k ( t  ( z ) .  To f ind f ( z )  when U ( t )  a n d  k (t  1 z )  are given 
means t o  so lve  t h e  in t eg ra l  equat ion  (1) with r e s p e c t  t o  f (2) .  I t  t u r n s  out  t h a t  t h e  
solut ion of t h i s  equat ion  i s  unstable.  I t  means t h a t  small d i s tu rbances  in k e r n e l  
funct ion c a n  p r o d u c e  big changes  in f (2) .  Moreover ,  if in  addit ion t h e  k e r n e l  
funct ion i s  a l s o  unknown then  equat ion  (1) c a n  have  a non-unique solut ion.  
The l a s t  p r o p e r t y  h a s  t h e  impor tant  consequences  f o r  appl ica t ions .  I t  means, 
f o r  ins tance ,  t h a t  one  should use maximum anci l l ia ry  information t o  spec i fy  t h e  
k e r n e l  funct ion k ( t  1 z )  as p r e c i s e  as possible b e f o r e  t h e  d a t a  p rocess ing .  
sP.nfltoli Mlchalskf, I n s t i t u t e  of Control S c i e n c e s ,  ProfsojusnaJa 65, Moscow, USSR 
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Another  impor tant  r e m a r k  i s  t h a t  in appl ica t ions  one  usually does  not  have  
t h e  p r e c i s e  knowledge of t h e  d is t r ibut ion  densit.y U ( t  ). The typica l  information 
which come o u t  o f ,  s a y ,  c l in ica l  s tud ie s  are t h e  o b s e r v e d  d e a t h  times f o r  a sample 
of n individuals. I t  i s  c l e a r  t h a t  such  c i rcumstances  c a n  only compl ica te  t h e  es t i -  
mation problem of f (2). 
Recent ly  many publ ica t ions  were  devoted  to t h e  problems of modeling and  es- 
timation of he t e rogene i ty  in populat ion analysis  using o t h e r  a p p r o a c h e s .  S h e p a r d  
and Z e c k h a u s e r  [4] showed t h a t  he t e rogene i ty  could be  r e spons ib l e  f o r  ove res t i -  
mates  of t h e  r e s u l t s  of medical improvements. Keyfitz and  Littman [5] demonst ra t -  
e d  t h a t  ignoring he t e rogene i ty  l eads  to i n c o r r e c t  ca lcula t ions  of  l i fe  expec tancy .  
Vaupel a n d  Yashin [2,3] d e s c r i b e d  many p a r a d o x e s  a n d  puzzles which c a n  be  ex-  
plained using t h e  he t e rogene i ty  concep t .  Heckman and  S i n g e r  [I] cons ide red  t h e  
identif icat ion problem in econometr ic  models f o r  d u r a t i o n  d a t a  bo th  f o r  
p a r a m e t r i c  and  nonpa rame t r i c  c a s e s .  They have  found in p a r t i c u l a r  t h a t  t h e  es t i -  
mates of t h e  model f o r  du ra t ion  d a t a  are sens i t ive  to t h e  assumptions a b o u t  h e t e r o -  
genei ty  models. Manton et a l .  [6] came to t h e  s imi lar  conclusion.  
One idea  which i s  d iscussed  in  o u r  p a p e r  dea l s  with t h e  n a t u r e  of s u c h  sens i -  
t ivi ty.  I t  t u r n s  o u t  t h a t  v e r y  o f t e n  t h e  identif icat ion in t h e  p r e s e n c e  of hidden 
he t e rogene i ty  is  a n  ill-posed problem, r e l a t e d  to t h e  solut ion of equat ion  (1). 
Some p r o p e r t i e s  of t h i s  equat ion  which are r e l e v a n t  to o u r  s tudy  are dis- 
cus sed  in  c h a p t e r  2. In c h a p t e r s  3 and  4 we d e s c r i b e  t h e  a p p r o a c h  to t h e  solut ion 
of equafion (1) given t h e  information a b o u t  n dea th  times. C h a p t e r  3 focuses  on  
t h e  analys is  of a r t i f i c i a l  d a t a  which were  g e n e r a t e d  by t h e  models of he terogene-  
o u s  mortal i ty.  C h a p t e r  4 demons t r a t e s  t h e  r e s u l t s  of t h e  appl ica t ion  of t h e  
developed a p p r o a c h  to t h e  real d a t a .  In both  c h a p t e r s  t h e  d a t a  p rocess ing  algo- 
r i thms were  based  o n  so-called s t r u c t u r a l  minimization of mean r i s k  a p p r o a c h .  The 
main ideas  a n d  r e s u l t s  of t h i s  a p p r o a c h  are given in t h e  Appendix. 
2. Estimation of Hidden Heterogeneity as an Ill-Posed Problem 
The t h r e e  major  mathematical  problems are r e l a t e d  to equation (1). The f i r s t  
i s  a b o u t  when t h e  solution of t h i s  equat ion  exis t s .  The second i s  abou t  whe the r  t h e  
solut ion i s  unique. The t h i r d  i s  a b o u t  how sens i t ive  i s  t h e  solut ion to t h e  d is tur -  
bances  of t h e  funct ion U ( t  ). 
In th i s  p a p e r  w e  will not analyze t h e  f i r s t  problem, r e f e r e n c i n g  publicat ion [7] 
f o r  those  who are i n t e r e s t e d  in a d e e p e r  understanding of t h e  ex i s t ence  condi- 
tions. The nonunicity problem will be  demonst ra ted  in a p a r t i c u l a r  case .  S ince  t h e  
sens i t iv i ty  problem is  v e r y  important  f o r  t h e  d a t a  analys is  we will focus  o u r  main 
a t t en t ion  in th is  p a p e r  on th i s  problem. 
Let  us cons ide r  a n  example of a n  ill-posed problem which c a n  a r i s e  in demo- 
g r a p h i c  applicat ions.  Assume t h a t  t he  condit ional  dens i ty  (ke rne l  function) c a n  b e  
r e p r e s e n t e d  in t h e  form 
t 
k ( t  1 z )  = z X ( t )  ezp (-2 f X ( s ) d s )  , 
0 
I t  i s  well known t h a t  if t h e  k e r n e l  function i s  smooth, t h e n  s l ight  var ia t ions  of U ( t )  
c a n  p roduce  t h e  big changes  in f (2) [R]. One can see t h a t  if X( t )  i n  (2) i s  smooth, 
t hen  one  c a n  e x p e c t  instabil i ty in t h e  solut ion of equation (1) .  
The condit ional  dens i ty  function k (l 1 z )  given by ( 2 )  c o r r e s p o n d s  t o  t h e  well- 
known p ropor t iona l  h a z a r d  model of mortal i ty,  where  z  i s  a he te rogene i ty  va r i ab le  
and X( t )  i s  t h e  underl ined haza rd .  Assume t h a t  X( t )  = a X o ( t )  where  a  i s  some 
s c a l e  p a r a m e t e r .  Let  us  show t h a t  f o r  d i f f e ren t  va lues  of a  one c a n  find t h e  dif- 
f e r e n t  solut ions of t h e  i n t e g r a l  equation (1).  
The equation (1 )  now will b e  
where  U ( . )  i s  a densi ty  function f o r  obse rved  su rv iva l  times. 
Denote by  f l ( z )  t h e  solut ion of (3) f o r  t h e  case a  = 1. F o r  any  o t h e r  value of 
a one c a n  write  
where  u = a z .  Since  f o r  a n y  f ixed a  equation (3 )  h a s  a unique solut ion one  may 
wrj te  
The r e l a t ion  between solut ion of (3) and  function f l ( . )  fo l loas  from t h e  nex t  ex-  
p res s ion  
The last s t a t emen t  shows, t h a t  using d i f f e ren t  va lues  f o r  p a r a m e t e r  a w e  h a v e  dif- 
f e r e n t  s h a p e s  f o r  dens i ty  of hidden he t e rogene i ty  va r i ab le ,  i .e . ,  t h e  solut ion of ( 3 )  
i s  no t  unique when a i s  unknown. 
3. E s t i m a t i o n  o f  H i d d e n  H e t e r o g e n e i t y  
In th is  c h a p t e r  t h e  new a p p r o c h  t o  t h e  solut ion of equat ion  (3) i s  cons ide red .  
The a p p r o a c h  t a k e s  in to  accoun t  t h e  instabi l i ty p r o p e r t y  of t h e  solution of equa- 
t ion ( 3 )  and  t h e  lack  of information a b o u t  t h e  d is t r ibut ion  dens i ty  U ( t ) .  The 
method i s  based  o n  t h e  s t r u c t u r a l  minimization of mean r i s k .  The  ideas  of t h i s  ap-  
p r o a c h  a r e  outl ined in t h e  Appendix. To implement t h e s e  i d e a s  cons ide r  t h e  family 
of funct ions  [ Q ( x ) ]  where  
and f (2) i s  some d is t r ibut ion  dens i ty  funct ion of z with X(t)  > 0. Let  u s  t a k e  t h e  
mean r i s k  functional  in t h e  fo rm 
Genera l  t h e o r y  of s t r u c t u r a l  minimization of mean r i s k  c o n s i d e r s  mean r i s k  func-  
t ional  with nonnegative loss funct ion Q ( x ) .  In o u r  case i t  i s  no t  so .  However,  as- 
suming t h a t  t h e  d is t r ibut ion  of z i s  c o n c e n t r a t e d  on  a f in i te  i n t e r v a l  o n e  can  al- 
ways add some posi t ive c o n s t a n t  t o  all funct ions f rom th i s  family a n d  make them po- 
s i t i ve  without changing t h e  optimal point  of t h e  funct ional .  
The functional  G with such  Q ( x )  i s  t h e  p a r t i c u l a r  c a s e  of so-called mixed en- 
t r o p y  functional .  I t  t a k e s  i t s  minimal value o n  t h e  solut ion of equat ion  (1). The em- 
p i r i c a l  r i s k  funct ional  will b e  as follows 
which coinc ides  with t h e  minus likelihood functional .  
A s  a f i r s t  example let us  cons ide r  t h e  families of funct ions [Qi j in  t h e  fo rm of 
(4) where  t h e  funct ions  f i  ( z )  are supposed  t o  b e  a his togram 
i 
w h e r e  ak , i  t 0 ,  a k n i  = 1, a n d  Hk, i  ( z )  are t h e  s t e p  funct ions  equa l  t o  
k = 1  
1  
when zkPi  S z < z k  +l , i  and  equa l  t o  0 o therwise ,  z ~ , ~ ,  k  = 1 , 2  ,..., i 
Zk + l , i  - Zk,t 
are f ixed  poin ts  z l i  = 0 ,  z i  + l , i  = 1 ,  a k , c  are t h e  p a r a m e t e r s  of t he  h is togram,  i i s  
t h e  number  of t h e  p a r a m e t e r s .  
VJe used t h e  va lues  z k , i  = ( k  - 1 ) / i  f o r  c r e a t i n g  t h e  histogram. One c a n  use  
a n y  o t h e r  set of z k S i  if t h e r e  i s  information on  sub in t e rna t iona l  inside [0,1] where  
dens i ty  funct ion f  ( z )  c h a n g e s  f a s t .  If t h e r e  i s  n o  such  pre l iminary  information,  
t hen  one  should use equid is tan t  poin ts  z k a f .  
The h is togram approximat ion  of dens i t ies  i s  widely used in s t a t i s t i ca l  p r a c -  
t i ce .  I t  p re supposed  t h e  f in i teness  of t h e  possible va lues  of z .  The number  of in- 
t e r v a l s  of t h e  h is togram will b e  de termined dur ing  t h e  s t r u c t u r a l  minimization of 
r i s k  p r o c e d u r e .  We assume t h a t  t h e  d is t r ibut ions  f  ( z )  are all defined o n  t h e  in- 
t e r v a l  [0,1]. This i n t e r v a l  c a n  b e  changed if one  h a s  pre l iminary  information o n  
w h e r e  t h e  d is t r ibut ion  of z i s  c o n c e n t r a t e d .  
I t  i s  impor t an t  t o  emphasize t h a t  we d o  no t  assume real dis t r ibut ion  of h e t e r o -  
gene i ty  p a r a m e t e r  t o  b e  in fo rm (6). Expres s ion  ( 6 )  gives  only a n  approximat ion  of 
real d is t r ibut ion  a n d  t o  implement s t r u c t u r a l  r i s k  minimization method we don' t  
need  t o  know t h e  p r e c i s e  form of t h i s  d is t r ibut ion .  
Now i t  i s  e a s y  t o  c o n s t r u c t  funct ional  families lQ,] b y  changing t h e  number  of 
p a r a m e t e r s  i in  ( 6 ) .  S o  family lQ1]  will b e  given by  functions 
family lQ2]  will b e  given by  e x p r e s s i o n  ( 8 )  
a n d  s o  on.  W e  will u s e  t h e  uniform g r e e d  z l i  , z z f  ,..., z i i  f o r  which 
( z ~ + ~ , ~  - z ~ , ~ )  = I /  i. In t h e  c a s e  if o n e  h a s  more  information on  he t e rogene i ty  
d is t r ibut ion ,  one  can  use o t h e r  spec i a l  g r e e d s  with d i f f e ren t  knots .  The only thing 
i s  impor tant  t h a t  t h e  g r i d  i s  t o  b e  f ixed  b e f o r e  one  starts t o  implement t h e  s t r u c -  
t u r a l  r i s k  minimization method, because  t h e  inequali ty (A5) in t h e  Appendix i s  valid 
only in t h i s  case. If one  will t r y  to f i t  t h e  g r e e d  to t h e  expe r imen ta l  d a t a ,  t han  one  
c a n  have  wrong r e s u l t .  
Subst i tut ing (6) i n t o  (5), one  c a n  see t h a t  in e v e r y  family Qt o n e  i s  t o  minimize 
t h e  functional  
I 
w h e r e  
where  z k B i  are t h e  kno t s  in t h e  g r e e d  f o r  (6) 
Following t h e  s t r u c t u r a l  minimization of mean r i s k  a p p r o a c h  one  should minim- 
ize  t h e  functional  of empir ica l  r i s k  (5), t h e n  compare  t h e  va lues  of t h e  funct ionals  
f o r  d i f f e r e n t  i arid choose  t h e  minimal value of Bi. H e r e  f ;(z)  deno te s  t h e  histo- 
gram c o n s t r u c t e d  by  minimizing funct ional  (5) in t h e  family of h is tograms with i 
p a r a m e t e r r .  
A s  a second  example l e t  u s  cons ide r  t h e  s i tuat ion when pre l iminary  informa- 
tion i s  ava i lab le  o n  t h e  he t e rogene i ty  d is t r ibut ion .  Assume t h a t  he t e rogene i ty  
v a r i a b l e  z can  t a k e  t h e  f in i te  number  of known values. One needs  t o  es t imate  t h e  
r e s p e c t i v e  p robab i l i t i e s  obse rv ing  a sample of su rv iva l  times zl .z2, .. .,zL. This ap -  
p r o a c h  c o r r e s p o n d s  to t h e  c a s e  when t h e  population u n d e r  invest igat ion cons is t s  
of a f in i te  number of homogeneous subgroups  a n d  w e  know t h e  va lues  of he t e ro -  
genei ty  var iab le  f o r  e a c h  of t h e s e  subgroups .  This s i tua t ion  i s  s imp le r  t han  above  
b u t  i t  i s  r e l evan t  f o r  many p r a c t i c a l  s i tuat ions.  In r e a l  l i fe  w e  c a n  have  informa- 
tion a b o u t  surviving in, s a y ,  gene t i c  subgroups  a n d  we may b e  i n t e r e s t e d  in p ro -  
por t ions  of these  subgroups  in the  to ta l  population. 
To use o u r  method f o r  th i s  case  we rewri te  express ion (4) in t h e  form 
where P, = P(z = z,). 
A s  a mat te r  of f a c t  now we est imate not function bu t  some numbers and instead 
of functional family 1Q 1, now one can use just i dimensional v e c t o r  space ,  where i 
is  number of f ixed g roups  minus 1 because  t h e  sum of P, i s  t o  equal  1. 
Now one can check  di f ferent  hypotheses  about  subgroups  in to ta l  population. 
When we consider  d i f ferent  numbers of groups  we have di f ferent  families and 
minimizing express ion 
on propor t ion P' and number of g roups  i we will find t h e  bes t  sui table  number of 
subgroups  and p ropor t ions  f o r  them. 
To demonstrate t h e  power of t h e  method, we performed calculat ions with sam- 
ples,  genera ted  with known probabi l i s t ic  distr ibutions.  We considered t h e  continu- 
ous  distr ibution of heterogenei ty  var iable  with density function 
where @ i s  some known paramete r .  The density function cor responds  to t h e  c a s e  
when t h e  heterogenei ty  var iable  can  b e  expressed  in t h e  form used in Cox's model 
r91 
z = e-PU 
and U i s  a random var iable  with uniform distr ibution on t h e  in terval  [0,1]. For  
both examples t h e  numerical calculat ions were provided.  
In t h e  first.  case w e  estimated t h e  continuous density (J'(z)) by histogram. The 
number of p a r a m e t e r s  in t h e  histogram vias determined on a given sample by t h e  
method descr ibed above.  Typical est imate of continuous distr ibution ( f ( z ) )  i s  
shown in Char t  1. In Table 1 we put t h e  value of pa ramete r  @, sample s ize  L ,  d e t e r -  
mined number of p a r a m e t e r s  in histogram i ,  probabil i ty of eve ry  subinterval  in 
c o r r e s p o n d e n c e  with f ( z ) ,  P, and est imated probabi l i ty  of e v e r y  sub in t e rva l  in 
A 
c o r r e s p o n d e n c e  with t h e  histogram P. 
Table 1. Table  2. 
I N  L P P I 
From Table 1 o n e  c a n  s e e  t h a t  t h e  l a r g e r  t h e  sample s i ze ,  t h e  b e t t e r  t h e  es t i -  
mation, b u t  even  in t h e  c a s e  of small  sample  one  s t i l l  h a s  a good est imation.  
C h a r t  1. 
In t h e  c a s e  of mix d is t r ibut ion  when he t e rogene i ty  v a r i a b l e  may h a v e  only 
f ixed va lues  we es t imated  p robab i l i t i e s  of t h e s e  values, or p r o p o r t i o n s  between 
d i f f e ren t  states of he t e rogene i ty  va r i ab le .  In Table 2 we p u t  number of s u b g r o u p s  
in  populat ion N ,  sample s ize  L ,  r e a l  p r o p o r t i o n s  P, and es t imates  2;. 
H e r e  again  one  c a n  see t h a t  t h e  l a r g e r  t h e  sample s ize,  t h e  b e t t e r  t h e  estima- 
t ion,  b u t  in small sample case t h e  es t imate  i s  good e i t h e r .  
4. Experiments w i t h  Real  Data 
In t h i s  c h a p t e r  we p r e s e n t  t h e  r e s u l t s ,  ob ta ined  by  t r e a t m e n t  of real da ta .  
The d a t a  file was e x t r a c t e d  f rom t h e  Umea Data Base with kind he lp  of Gun S ten f lo  
(Umea Univers i ty ,  Sweden). The f i le  included r e c o r d s  of su rv iva l  time f o r  ch i ld ren  
b o r n  in one  p a r i s h  by  mothe r s  n o t  o l d e r  t h a n  2 6  y e a r s  in 1818-1895. Tha t  f i le  was 
s e p a r a t e d  in two subf i lcs  in a c c o r d a n c e  with p a r e n t ' s  occupation.  F i r s t  subf i le  in- 
c luded r e c o r d s  f o r  c h i l d r e n  of f a r m e r s ,  worke r s ,  r u r a l  p r o l e t a r i a n s  a n d  cases 
with n o  occupat ional  r e f e r e n c e .  The second subfi le  included t h e  rest a n d  in f a c t  i t  
was r e c o r d s  with unknown occupat ion .  W e  had 196 r e c o r d s  in t h e  f i r s t  subf i le  and  
579  in t h e  second  one .  I t  w a s  found t h a t  surv iva lsh ip  of ch i ld ren  in t h e s e  two f i les  
i s  d i f f e ren t .  F o r  ch i ld ren  of f a r m e r s ,  worke r s ,  r u r a l  p r o l e t a r i a n s  and  no  occupa-  
t ional  r e f e r e n c e  t h e  mean va lue  of su rv iva l  time was 1180 days .  80% of t h i s  g r o u p  
su rv ived  more  then  200 days ,  50% su rv ived  more than  540 days  and 20% su rv ived  
more then 2000 days. For  chi ldren of pa ren t s  with unknown occupation t h e  mean 
value of survival  time w a s  427 days.  80% of this  g r o u p  survived more then 90 days, 
50% survived rnore then 200 days and 20% survived more then 500 days. Histograms 
of survival  time, based on these  two fi les a r e  p resen ted  on Char t s  2 and 3. 
Char t  2. 
Survivalship Proportions 
-for Children 0-f Phisical Workers 
(in percents)  
I t  i s  worth mentioning t h a t  t h e  p e r c e n t  of dead chi ldren in t h e  f i r s t  subgroup 
is  t h r e e  times less  than in t h e  second one. In numbers p e r  c e n t s  a r e  18.5% f o r  t h e  
f i r s t  subgroup and 53.0% f o r  t h e  second one. Such a si tuation could happen f o r  in- 
s t ance ,  if the  subgroup with unknown occupation h a s  had more c a s e s  with bad feed- 
ing of the  chi ldren and only "strong chaps"  survive.  
To demonstrate the  use of the  method we put  back r e c o r d s  from the  two sub- 
groups  toge the r .  Information about  surviving in those  two subgroups ,  which we ob- 
tained on t h e  preliminary investigation, was used as a p r i o r y  information. We s e t  a 
hypothesis  t h a t  t h e  genera l  sample consists  of two homogeneous se t s .  The value of 
hazard  r a t e  f o r  t h e  f i r s t  s e t  we assumed t o  b e  equal t o  t h e  est imate of hazard  r a t e ,  
ca lcula ted  on surviving times in r e c o r d s  f o r  children of physical  workers.  For  the  
second  set we p u t  h a z a r d  r a t e  equals  t o  t h e  es t imate  of i t ,  ca lcula ted  on  surv iv ing  
times in r e c o r d s  with unknown occupat ion  of p a r e n t s .  The numbers  were 0.000847 
and  0.00234 f o r  t h e  f i r s t  and  t h e  second s e t s ,  r e spec t ive ly .  F o r  est imation of ha-  
z a r d  rates we used  maximum likelihood e s t ima te  in t h e  form 
Then we app l i ed  o u r  method t o  es t imate  t h e  p r o p o r t i o n  between two mentioned 
s e t s  in t h e  g e n e r a l  sample.  By ca lcula t ions  on  IBM P C  we es t imated  t h e  p ropor t ion  
between f i r s t  and  second  sets as 5/13. In o u r  d a t a  f i le  t h e  r e l a t ion  between 
r e c o r d s  with occupat ion  more  than  f o u r  t o  r e c o r d s  with occupat ion  z e r o  was 5/14. 
S o  t h e  est imation i s  r a t h e r  c lose  t o  t h e  or ig ina l  value.  I t  means t h a t  t h e  method 
c a n  b e  successfu l ly  used f o r  estimation of hidden he t e rogene i ty .  
C h a r t  3. 
SuruiuaIs;hi~ Proportions 
f o r  Children o f  P a r e n t s  
with Unknown Occupation 
( in  percents )  
A p p e n d i x  
Structural Minimizat ion  of Mean R i s k  in Small  S a m p l e  C a s e s  
Equation (1) c a n  b e  so lved  using spec ia l  probabi l i s t ic  techniques  f o r  i t s  solu- 
t ion.  The a p p r o a c h  i s  based  on t h e  methods of s t r u c t u r a l  minimization of mean 
r i s k .  Comprehensive analys is  of t h i s  problem was developed by  Vapnik [ l o ] .  More 
deta i led  cons idera t ion  of i n t e g r a l  equat ions '  solut ion problems r e l a t e d  to t h e  mean 
r i s k  minimization was done  by Michalski [ I l l .  
The idea of mean r i s k  minimization method i s  as follows. Le t  X b e  a random 
v a r i a b l e  with d is t r ibut ion  function F ( z ) .  Let  IQ: Q ( z )  2 0  j deno te  t h e  c l a s s  of a11 
nonnegative funct ions  s u c h  t h a t  f o r  e a c h  function Q ( z )  t h e  funct ional  
ex i s t s .  The functional  G i s  ca l led  t h e  mean r i s k  functional .  To minimize t h e  mean 
r i s k  means to find t h e  function Q* f rom t h e  family of funct ions [ Q j  s u c h  t h a t  mean 
r i s k  t a k e s  t h e  minimal value on Q*. Note t h a t  if t h e  d is t r ibut ion  function F ( z )  i s  
known, t h e  a p p r o a c h  to minimization of a mean r i s k  i s  s t r a igh t fo rward .  
In many p r a c t i c a l  problems,  however,  t h e  d is t r ibut ion  function of X i s  unk- 
nown, b u t  t h e  sample of independent  rea l iza t ions  of X i s  o f t en  avai lab le .  If t h e  
sample  i s  l a r g e  enough t h e  problem i s  equiva lent  t o  t h e  mean r i s k  minimization with 
a known dis t r ibut ion  function.  If t h e  sample i s  small t h e n  o n e  should use a n o t h e r  
a p p r o a c h  to minimize t h e  mean r i s k .  Such  a p p r o a c h  i s  ca l led  t h e  s t r u c t u r a l  minim- 
izat ion of mean r i s k  [ lo] .  
It  t u r n s  out t h a t  t h e  p r o p e r t y  of sample to b e  "small" or "large" depends  on 
i t s  s i ze  I, and on t.he p r o p e r t i e s  of funct ional  family IQ 1. This c r u c i a l  pr0pert .y of 
funct ional  family i s  ca l led  t h e  "complexity" of t h i s  family. 
The main idea of s t r u c t u r a l  minimization of mean r i sk  method is  to subst i tu te  
t h e  unknown mean r i sk  functional (Al) by t h e  err~pirical r i sk  functional  GL which i s  
completely defined by t h e  sample of random var iable  X: 
to s t ruc tu r i ze  t h e  functional family Q  selecting s e v e r a l  c lasses  of 
t Q l j ,  [Q2j ,  . . . , tQn j and making minimization within each  c lass .  
The . f i rs t  s t e p  in th i s  p r o c e d u r e  seems t o  b e  na tu ra l  s ince  t h e  sample of X i s  
t h e  only information abou t  unknown distr ibution.  The next  s t e p  dese rves  specia l  
explanation. 
Minimizing t h e  empirical  r i sk  within t h e  c lass  tQj  one should b e  s u r e  t h a t  i t s  
minimizing function i s  c lose  enough to t h e  function t h a t  minimizes t h e  mean r i sk .  
The guaran tee  of th is  c loseness  i s  t h e  uniform convergence of t h e  empirical  r i sk  
functional t o  t h e  mean r i s k  functional when t h e  size of t h e  sample L tends to infini- 
t y .  
The uniform convergence of empirical  r i sk  means t h a t  f o r  any fixed E t h e  pro-  
bability Pd 
goes  to z e r o  when t h e  size L of t h e  sample tends t o  infinity. I t  t u r n s  o u t  t h a t  pro-  
bability Pd depends on t h e  p r o p e r t y  of a functional c l a ss  I Q j .  This p r o p e r t y  i s  
r e p r e s e n t e d  by t h e  notion of "complexity" of a class  [ Q ] .  The p r s c i r e  mathemati- 
ca l  definition of t h e  measure of complexity K of a functional c l a s s  one can  find in 
[lo]. L a t e r  we will give t h e  measure of complexity f o r  some p a r t i c u l a r  functiorlal 
c lasses .  
If t h e  uniform convergence ex i s t s  then probabil i ty Pd can  be  est imated as 
follows 
where K is  t h e  complexity index.  One can s e e  from this  inequality t h a t  t h e  less K 
is, t h e  b e t t e r  i s  approximation of mean r i sk  by the  empirical  one .  i t  means that. in 
the  "simple" c lasses  of functions one c a n  find more p r e c i s e  estimation of t h e  mean 
r i s k .  
To implement t h i s  r e s u l t  t o  t h e  problem of mean r i s k  minimization using t h e  
sample of va lues  of random v a r i a b l e  X,  l e t  u s  c o n s i d e r  t h e  system of funct ional  
c l a s ses  f Q l ]  c 1Q2{ C . . . lQnl with t h e  increas ing  indices of complexity. Lct  u s  
show how in t h i s  c a s e  t h e  inequali ty (A3) c a n  b e  used.  Taking in to  accoun t  (A4)  we 
have  
where  Kt i s  t h e  complexity index of lQt 1. 
Denoting by  q t h e  r ight-hand s ide  of inequali ty ( A 5 )  one  can  easi ly find t h e  
formula f o r  E when q ,  L ,  and  Kf are given 
Using t h i s  exp res s ion  one  c a n  es t imate  t h e  mean r i s k  va lue  b y  t.he empir ica l  r i s k  
using formula 
This formula makes s e n s e  f o r  a l l  funct ions from t h e  class f Q f  if t h e  denominator  in 
t h e  r ight-hand s ide  i s  pos i t ive .  Note t h a t  t h e  r e a c h e d  va lue  of mean r i s k  in t h e  
c l a s s  tQi 1 h a s  a n  u p p e r  bound Bf 
min GL 
B, = Q E I Q i j  
Thus f o r  e a c h  funct ional  c l a s s  tQi 1 and given L and  q o n e  can  ca l cu la t e  t h r e e  
va r i ab le s :  E * ,  G:, and  Bt which c o r r e s p o n d  t o  t h e  va lue  of r e l a t ive  uniform ap-  
proximation e r r o r ,  minimum value of empirical  r i sk  in t h e  c lass  lQi 1 and t h e  u p p e r  
bound of t h e  r e a c h e d  value of the  mean r i sk  at t h e  minimum point  of t h e  empirical  
r i sk  in t h e  c lass  lQi 1. 
In t h e  c lasses  with small Ki t h e  value of c i  i s  small and t h e  empirical  r i sk  
gives a good approximation f o r  t h e  mean r isk .  However t h e  minimum value of t h e  
empirical  r i sk  G; can be high and consequently t h e  reached  value of t h e  mean r i sk  
u p p e r  bound Bi can  a l so  b e  high. 
With t h e  increasing of t h e  complexity of the  c lass  lQ j  t h e  approximation of 
mean r i s k  by t h e  empirical  r i s k  became worse, t h e  value of ci +l became l a r g e r  but  
t h e  maximum value of t h e  empirical  r i sk  G: i s  decreas ing s ince  lQi 1 c lQi A s  
a r e s u l t  of t h a t  t h e  u p p e r  bound Bi i s  a l so  decreas ing.  S ta r t ing  from some level 
of complexity of t h e  c lass  lQf j, say  Kj. ,  t h e  growth of t h e  e r r o r  ci i s  not  compen- 
sa ted  by t h e  decreas ing of t h e  value of the  empirical  r i sk  and t h e  u p p e r  bound 
of t h e  r e a c h e d  value of t h e  mean r i sk  starts t o  grow. I t  means t h a t  lQi, j can  be  
chosen as a p r o p e r  c lass  in which t h e  minimization of t h e  empirical  r i sk  will 
guaran tee  t h e  minimal value of t h e  u p p e r  bound f o r  t h e  r e a c h e d  mean r i sk  with 
given probabi l i ty  1 -q . 
One example f o r  t h e  system of c lasses  lQi 1 can  be given by t h e  a lgebra ic  poli- 
noms of d i f ferent  degrees :  
where aj a r e  t h e  a r b i t r a r y  pa ramete r s .  If t h e  sample of t h e  couple (z, y ) i s  given 
then one car1 ca lcula te  t h e  value of t h e  empirical  r i sk  and t h e  value of Bi which we 
will identify with t h e  estimation of t h e  mean r i sk  
By solution of t h e  mean r i sk  minimization problem using t h e  f ini te sample of 
couple (z,y) we will understand t h e  function Q* which givees t h e  minimum of t h e  
empirical  r i sk  in t h e  c lass  lQi. ]. This value depends on sample s ize  L ,  sample 
values, and t h e  validation value of t h e  uniform approximation of t h e  mean r i s k  by 
t h e  empirical  one 1-q .  In p rac t i ca l  calculat ions th is  value i s  often taken as .95. 
The typical  si tuation i s  r e p r e s e n t e d  in Figure 1. 
The important  p r o p e r t y  of t h e  s t r u c t u r a l  mean r i s k  minimization i s  t h a t  i t  
does not  r e q u i r e  t h a t  t h e  minimizing function belongs t o  t h e  functional family lQ { .  
The method allows to make t h e  bes t  guaranteed approximation based on t h e  f ini te 
size of t h e  experimental  sample and s e t  of c lasses  { Q 1 j ,  lQ2{  ,... . Moreover, i t  
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Figure  1. 
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t u r n s  o u t  t h a t  in t h e  c a s e  of f in i te  samples sometimes one  should exc lude  t h e  
minimum point  from t h e  funct ional  c l a s s  [lo]. 
Let u s  expla in  t h e  notion o complexity index K f o r  funct ional  family 191. As- 
sume t h a t  one  h a s  a sample T = ! X I , .  . . ,YL ] of random v a r i a b l e  X .  F o r  any  given 
number C > 0 and  function Q ( x )  one  c a n  divide t h e  sample T i n t o  two subsamples  T' 
a n d  T' using t h e  ru l e :  number  Xj  belongs  t o  subsample T if Q ( X j )  > C a n d  t o  sub-  
sample T' if Q ( z j )  5 C. Changing t h e  number  C and  tak ing  all poss ib le  funct ions  
Q ( z )  from f Q ]  o n e  g e t s  d i f f e r e n t  subsamples.  The maximal number  of d i f f e ren t  
divisions f o r  a l l  poss ib le  samples  having t h e  s ize  L i s  ca l led  t h e  complexity func- 
t ion of t h e  c l a s s  [ Q ]  on t h e  samples  having t h e  s i ze  L .  This funct ion depends  on  
t h e  sample  s i ze  and t h e  funct ional  family. We will use  t h e  nota t ion  m g ( L )  f o r  t h i s  
funct ion.  I t  is c l e a r  t h a t  m g ( L )  S Z L .  I t  t u r n s  o u t  t h a t  t h e  complexity funct ion  ei- 
t h e r  equals  Z L  o r  s t a r t i n g  f rom some number  K sa t i s f i e s  t h e  inequali ty 
where  K i s  t h e  c r i t i c a l  sample s ize .  The va r i ab le  K depends  only on t h e  p r o p e r t i e s  
of t h e  funct ional  family [Qi and  is ca l led  i t s  comp1exit.y index.  
The va lue  of A' in some c a s e s  c a n  b e  easi ly ca l cu la t ed .  If ,  f o r  ins tance ,  
A ' - 1  
Q ( x , y )  = ( y  - a j x j 1 2  t h e n  K = N. Another  example  c o r r e s p o n d s  t o  t h e  case 
when t h e  function Q ( x )  h a s  n o t  more  t h a n  N extremums a n d  x i s  s c a l a r .  In t h i s  
c a s e  K = N + 1 [lo]. 
Note t h a t  e v e r y w h e r e  in t h i s  c h a p t e r  t h e  explanat ion  of mean r i s k  optimiza- 
t ion  w a s  conducted  in  t e r m s  of funct ions of one  or t w o  random v a r i a b l e s  X and  Y. 
One c a n  easi ly see t h a t  t h e  a p p r o a c h  i s  a p p r o p r i a t e  f o r  a n  a r b i t r a r y  number  of 
random va r i ab le s .  
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